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Figure 1: Spectral Global Intrinsic Symmetry Invariant Functions (GISIFs) computed on a five-point star with rotational symmetries; fi j denotes
a GISIF computed using eigenfunctions of the Laplace-Beltrami operator corresponding to repeated eigenvalues i through j (see Eq. 7).

A BSTRACT
We introduce spectral Global Intrinsic Symmetry Invariant Functions (GISIFs), a class of GISIFs obtained via eigendecomposition
of the Laplace-Beltrami operator on compact Riemannian manifolds, and provide associated theoretical analysis. We also discretize the spectral GISIFs for 2D manifolds approximated either
by triangle meshes or point clouds. In contrast to GISIFs obtained
from geodesic distances, our spectral GISIFs are robust to topological changes. Additionally, for symmetry analysis, our spectral
GISIFs represent a more expressive and versatile class of functions
than the classical Heat Kernel Signatures (HKSs) and Wave Kernel
Signatures (WKSs). Finally, using our defined GISIFs on 2D manifolds, we propose a class of symmetry-factored embeddings and
distances and apply them to the computation of symmetry orbits
and symmetry-aware segmentations.
1

I NTRODUCTION

Symmetry is ubiquitous in both naturally-occurring and humanmanufactured shapes. Thus, detecting symmetries and finding symmetry invariants represents an important research problem in computer graphics with many applications [12], especially for global
intrinsic symmetries [6, 15, 18].
Global Intrinsic Symmetry Invariant Functions (GISIFs), which
are functions defined on a manifold invariant under all global intrinsic symmetries, have received much attention in the context of
shape analysis [6, 9, 14]. For example, the critical points of the
GISIFs obtained via geodesic distances form symmetry invariant
point sets for the generation of candidate Möbius transformations
[6]. GISIFs such as the classical Heat Kernel Signature (HKS) [22]
and Wave Kernel Signature (WKS) [1] are also used as symmetry
invariant descriptors for shape correspondence [14].
In this paper, we propose a new class of GISIFs over compact
Riemannian manifolds via spectral methods, where each eigenvalue
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of the Laplace-Beltrami operator, either repeated or non-repeated,
corresponds to a GISIF. Our spectral GISIFs have advantages over
those which have been previously-proposed. First, spectral GISIFs demonstrate a robustness to topological changes, a property not
found in GISIFs based on geodesic distances. Furthermore, the
HKS and WKS are linear combinations of our spectral GISIFs. The key difference between the HKS, WKS, and our spectral
GISIF is that the HKS and WKS combine all eigenfunctions of
the Laplace-Beltrami operator, while we define a spectral GISIF
for each eigenvalue, either repeated or non-repeated, using its corresponding eigenfunctions. As such, the new GISIFs represent a
broader and more versatile class of functions.
We generate symmetry-factored embeddings from spectral
GISIFs and apply them to compute symmetry orbits and symmetryaware segmentations. In contrast to previous works, which use only
non-repeated eigenvalues [9], we use eigenfunctions of the LaplaceBeltrami operator corresponding to both repeated and non-repeated
eigenvalues. We will show this allows our embeddings to better
capture rotational symmetries, not only reflectional symmetries.
2

R ELATED W ORK

Global Intrinsic Symmetry Invariant Functions. Symmetry detection and analysis are fundamental problems in computer graphics, image processing, and computer vision [3, 12]. Recent works
in computer graphics focus mainly on analyzing global and partial
intrinsic symmetries and on leveraging symmetries in shape processing and analysis [6, 11, 15, 25]. For an in-depth survey of such
methods and applications, we refer the interested reader to a recent state-of-the-art survey [12]. In this section, we will focus on
overviewing previous work in the area of GISIFs.
To the best of our knowledge, Kim et al. are the first to propose a
class of GISIFs based on geodesic distances, and they use the critical points of these GISIFs as sampling points for the generation of
candidate Möbius transformations [6]. In this paper, we introduce
a new class of GISIFs based on the spectral method. Compared to
GISIFs obtained with geodesic distances, our spectral GISIFs are
more robust to topological changes, as illustrated in Figure 8.
Lipman et al. [9] introduce the concept of a symmetry-invariant
function space, and use a symmetry correspondence matrix to symmetrize functions on shapes. However, for their global intrinsic
symmetry dissimilarity measure, they only use those eigenfunctions which correspond to non-repeated eigenvalues of the LaplaceBeltrami operator, making it difficult to handle shapes with rota-
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Figure 2: Spectral GISIFs on a filigree triangle mesh.

tional symmetries. In contrast, our spectral GISIFs utilize eigenfunctions corresponding to both repeated and non-repeated eigenvalues, allowing better capture of such symmetries.
The classical Heat Kernel Signature (HKS) [22] and Wave Kernel Signature (WKS) [1] are also GISIFs and can be used as symmetry invariant descriptors for shape correspondence [14]. The Auto Diffusion Function (ADF), in turn, is used for skeletonization
and segmentation [5]. Interestingly, all three of these signatures are
linear combinations of our spectral GISIFs so our approach can be
viewed as a generalization of these and other such global symmetry
invariant functions.
Spectral methods using Laplace-Beltrami Operator.
The
Laplace-Beltrami operator and its spectra are widely used in computer graphics for shape processing and analysis [7, 8, 23], with applications including shape retrieval [19], intrinsic embedding [21],
global intrinsic symmetry detection [15], heat kernel signature [22],
and shape correspondence [13].
In this paper, we propose spectral GISIFs, a class of GISIFs
based on the spectra of the Laplace-Beltrami operator. Our work is
inspired by spectral global intrinsic symmetry detection [15], which
uses only the eigenfunctions corresponding to non-repeated eigenvalues of the Laplace-Beltrami operator. However, if a compact
manifold has a symmetry T such that T 2 6= I, then the eigenvalues of the Laplace-Beltrami operator of the manifold must have
repeated eigenvalues, as pointed out in [16]. Here, we take a first
step toward using the eigenfunctions corresponding to the repeated
eigenvalues of the Laplace-Beltrami for symmetry analysis.
3

S PECTRAL GISIF S

ON

R IEMANNIAN

MANIFOLDS

In this section, we define global intrinsic symmetry and GISIFs and
then construct a class of GISIFs over compact Riemannian manifolds via the eigendecomposition of the Laplace-Beltrami operator.
3.1

Global Intrinsic Symmetry

A global intrinsic symmetry on a particular manifold is a geodesic
distance-preserving self-homeomorphism [15, 18].
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Figure 3: Spectral GISIFs on a bird and cone point cloud.

Definition 1: A self-homeomorphism T : M → M that preserves
all geodesic distances on manifold M is called a global intrinsic
symmetry; i.e., it holds that
g(p, q) = g(T (p), T (q)),

(1)

for all p, q ∈ M, where g(p, q) is the geodesic distance from p to q.
The set of all global intrinsic symmetries on the manifold M
forms a group G(M) called the symmetry group with composition
as the group operation. Obviously the identity mapping I on the
manifold M is an element of the group G(M).
3.2 Global Intrinsic Symmetry Invariant Function
Definition 2: Suppose f : M → R is a function defined on the
manifold M. If every global intrinsic symmetry T on M satisfies
f ◦ T = f , that is
f ◦ T (p) = f (T (p)) = f (p),

(2)

for all p ∈ M, then f is a global intrinsic symmetry invariant function. Note that this definition is the same as that of Kim et al. [6].
The following useful propositions can be easily obtained:
1. Constant functions f (p) = c, for all p in manifold M are
GISIFs.
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Figure 4: Level sets and histograms of our spectral GISIFs on a dog model. The large blue areas without contours along with the histograms of
each field (above), which show a large fraction of values to be near-zero, illustrate the sparsity of the fields.

2. If f is a GISIF on manifold M, then c ∗ f (where c is a constant) is also a GISIF on M.

for all p ∈ M. So we have
k

3. If functions f and g are GISIFs on manifold M, then f + g,
f − g, f ∗ g, f /g(g 6= 0) are GISIFs on M.
Based on the above propositions, all of the GISIFs defined on
M form a linear space F + (M) called the global intrinsic symmetry
invariant function space, which is a subspace of the functional space
F(M) on M. Further, if G : (F(M), F(M), . . . , F(M)) → F(M) is a
linear operator, then G(F + (M), F + (M), . . . , F + (M)) ⊆ F + (M).
3.3

Spectral GISIFs via the Laplace-Beltrami Operator

We propose a new class of GISIFs based on the eigendecomposition of the Laplace-Beltrami operator on compact Riemannian manifolds without boundaries. Each GISIF corresponds to an eigenvalue, repeated or non-repeated, of the Laplace-Beltrami operator.
Theorem 1: Suppose M is a compact Riemannian manifold without
boundary, λi is an eigenvalue of the Laplace-Beltrami operator ∆ on
M with a k-dimensional eigenfunction space. If φi1 , φi2 , · · · , φik is
an orthogonal basis of the corresponding eigenfunction space of λi ,
then the following function

f ◦ T (p) = f (T (p)) =

∑ φi2j (T (p))

j=1

= (φi1 (T (p)), φi2 (T (p)), · · · , φik (T (p)))∗
(φi1 (T (p)), φi2 (T (p)), · · · , φik (T (p)))T
= (φi1 (p), φi2 (p), · · · , φik (p)) ∗ A ∗ AT ∗ (φi1 (p), φi2 (p), · · · , φik (p))T
= (φi1 (p), φi2 (p), · · · , φik (p)) ∗ I ∗ (φi1 (p), φi2 (p), · · · , φik (p))T
= (φi1 (p), φi2 (p), · · · , φik (p)) ∗ (φi1 (p), φi2 (p), · · · , φik (p))T
k

=

∑ φi2j (p) = f (p).

j=1

Therefore, the function defined in Equation (3) is a global intrinsic
symmetry invariant function on M. 
4

D ISCRETIZATION

ON

2- MANIFOLDS

In this section, the spectral GISIFs proposed in the above section
are discretized on 2D manifolds approximated either by triangle
meshes or point clouds. We also illustrate some examples of our
spectral GISIFs and show their properties and advantages.

k

f (p) =

∑ φi2j (p),

(3)

j=1

for all p ∈ M, is a GISIF on M.
Proof: φi1 , φi2 , · · · , φik is an orthogonal basis of the k-dimensional
eigenfunction space of eigenvalue λi of ∆ on M. Then

< φi j , φil >= δ jl =

1,
0,

j=l
j 6= l

j, l ∈ {1, 2, · · · , k}.

For every global intrinsic symmetry T : M → M, φi1 ◦ T, φi2 ◦
T, · · · , φik ◦ T are also eigenfunctions corresponding to the eigenvalue λi [15, 20], satisfying the following equation

< φi j ◦ T, φil ◦ T >= δ jl =

1,
0,

j=l
j 6= l

j, l ∈ {1, 2, · · · , k}.

That is, φi1 ◦ T, φi2 ◦ T, · · · , φik ◦ T is also an orthogonal basis of
the corresponding eigenfunction space of the eigenvalue λi . Then,
there exists a k-dimensional orthogonal matrix A (AAT = AT A = I,
where I is the k-dimensional identity matrix) such that:
(φi1 (T (p)), φi2 (T (p)), · · · , φik (T (p)))
= (φi1 (p), φi2 (p), · · · , φik (p)) ∗ A,

4.1

Implementation

Discretization on Triangular Meshes. A 2D compact manifold M
can be approximated by a triangle mesh TRI = (V, E, F), where
V = {v1 , v2 , . . . , vn } denotes the set of vertices, E = {(i, j) | vi
and v j ∈ V linked by an edge} denotes the set of edges, and F =
{(i, j, k) | vi , v j , vk ∈ V linked by a face} denotes the set of faces.
N(i) = { j | (i, j) ∈ E} is the set of vertex indices of the 1-ring
neighbors of vi . A function f : M → R on M is approximated by
a piecewise-linear scalar function defined by linearly interpolating
the values of f at the vertices f = ( f (v1 ), f (v2 ), . . . , f (vn ))T of TRI.
For the approximation of the Laplace-Beltrami operator ∆ on triangle meshes, different methods have been introduced [24]. In this
paper, we use the cotangent scheme originally proposed by [4, 17],
where ∆ is discretized as an n-dimensional Laplacian matrix L.
This matrix is represented as L = S−1 M, where S is a diagonal
matrix whose i-th diagonal element is the Voronoi cell area of vertex vi proposed in [4], and M is a symmetric matrix holding the
well known cotangent weights:

 ∑k∈N(i) wik , i = j
Mi j =
(4)
−wi j , j ∈ N(i) ,

0, otherwise
where wi j =

cotαi j +cotβi j
, αi j
2

and βi j are angles opposite edge (i, j).
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Figure 5: Level sets of our spectral GISIFs on a human model. The large blue areas without contours showing a large fraction of values to be
near-zero illustrate the sparsity of the fields.

matrix. The eigendecomposition Lf = λ f can also be converted into
a generalized eigenvalue problem (see Section 3.2.1 in [10]).
Computation of GISIFs. In our experiments, we use MATLAB’s
eigs solver to solve the generalized eigenvalue problems on both
triangle meshes and point clouds. Let us denote the eigenvalues
as λ1 ≤ λ2 ≤ . . . ≤ λn , and their corresponding eigenvectors as
φ1 , φ2 , . . . , φn . While the computed eigenvalues are, in practice, seldom exactly equal, if the differences ε between λi , λi+1 , . . ., and
λi+k are sufficiently small, we regard λi as a repeated eigenvalue,
and the GISIF fi i+k corresponding to λi is defined as follows
k

fi i+k (vl ) =

∑ φi+2 j (l), l ∈ {1, 2, . . . , n}.

(7)

j=0

In practice, ε is dependent on the input model, and automatically
choosing this threshold for all models is difficult.
4.2
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Figure 6: The spectral GISIFs corresponding to the smallest eigenvalues are insensitive to noise. Top: results on the original mesh.
Bottom: results on the mesh corrupted with Gaussian noise with variance set to 20% of the mean edge length. Note the visual similarity
despite the noise.

The eigendecomposition ∆ f = λ f of the Laplace-Beltrami operator can be discretized as the following problem,
Lf = λ f,

(5)

where f = ( f (v1 ), f (v2 ), . . . , f (vn ))T is a vector with elements sampling the values of f at the vertices. Equation (5) can be converted
into a generalized eigenvalue problem, i.e.,
Mf = λ Sf.

(6)

Discretization on Point Clouds. A 2D compact manifold M can
also be approximated by a point cloud P, where {p1 , p2 , . . . , pn }
denotes the set of points in P. A function f : M → R on M is approximated by a vector f = ( f (p1 ), f (p2 ), . . . , f (pn ))T , which samples the values of f at the vertices. There are several approaches for
computing the discrete Laplace-Beltrami operator on point clouds
[2, 10, 26]. Although any of these methods could be used to compute our spectral GISIFs, we use the approach proposed in [10],
where the Laplace-Beltrami operator is discretized as an n × n matrix L = GD, where D is a diagonal matrix and G is a symmetric

Spectral GISIF Results

All scalar functions on triangle meshes and point clouds in this paper are displayed using colormaps where the low, middle, and high
function values are represented as blue, green, and red respectively.
We illustrate several spectral GISIFs across different triangle
meshes (Figures 1 and 2) and point clouds (Figure 3). It can be
seen that the spectral GISIFs corresponding to the first smallest
eigenvalues are smoothest. This is because the eigenfunctions of
the first smallest eigenvalues represent the lowest frequencies. For
most applications, the spectral GISIFs corresponding to the first
100 smallest eigenvalues, either repeated or non-repeated, of the
Laplace-Beltrami operator suffice.
Sparsity property. In practice, we empirically find that most of our
spectral GISIFs are sparse; that is, most of the function values of a
particular GISIF are close to zero. Figures 4 and 5 show the level
sets of our spectral GISIFs on two mesh models, and Figures 4 also
displays their histograms. It can be seen that the sparsity property
holds for most of the GISIFs in these two figures.
Robustness to noise. Figure 6 illustrates that the spectral GISIFs
corresponding to the first smallest eigenvalues are robust to noise.
This is because the noise lies in the higher frequencies, which do
not affect the GISIFs built from the lower frequencies.
Comparisons with the Heat Kernel Signature. As previously
noted, the classical Heat Kernel Signature (HKS) [22] and Wave Kernel Signature (WKS) [1] are widely used in shape analysis, where
HKS is defined with a time scale
n

HKSt (vi ) =

∑ e−λ t φ 2j (i), i ∈ {1, 2, . . . , n}.
j

j=1

(8)
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Figure 7: Comparisons of our spectral GISIFs with the HKSs [22]. It
can be seen that the HKSs across different time scales (top) do not
exhibit much variation, while our spectral GISIFs (center) and some of
their linear combinations (bottom) differ significantly from each other,
capturing more information.

The HKS and WKS are linear combinations of our spectral
GISIFs and so are also GISIFs. In Figure 7, our spectral GISIFs
(the center two rows) are compared with with HKSs (the top two
rows) across different time scales, where the time scales are the default values in [22]. It can be seen that the HKSs across different
time scales do not exhibit much variation, while our spectral GISIFs
differ significantly from each other, capturing more information.
Furthermore, for symmetry analysis, our spectral GISIFs are
more general (and therefore more flexible) than the symmetry invariant descriptors of HKSs and WKSs. We can use our spectral
GISIFs to form other GISIFs rather than HKSs or WKSs. The bottom two rows of Figure 7 show some simple linear combinations
of our GISIFs, where gi , i ∈ {6, 7, 8, 12, 13} is the the difference
between the GISIF corresponding to the i-th and (i + 1)-th smallest
eigenvalue, and hi = −gi , i ∈ {6, 7, 8, 12, 13}.
Comparisons with the Average Geodesic Distances. Kim et al.
pioneered work on GISIFs and propose a class of GISIF based on
geodesic distances [6], i.e., Average Geodesic Distances (AGDs)
and Minimal Geodesic Distances (MGDs).

Figure 8: Comparisons between AGDs (Column 1) and our spectral
GISIFs (Columns 2, 3, and 4). Top: results on the original mesh. Bottom: results on the mesh corrupted by topological noise. Note how
the AGD is significantly altered while corresponding GISIFs remain
largely unaffected.

In Figure 8, we compare the spectral GISIFs with the AGDs,
illustrating that the AGD is sensitive to topological noise while our
GISIFs are much more robust. This is due to the fact that small
changes in topology, such as the closing of gaps between otherwise
geodesically distant limbs, can have a relatively large effect on the
AGDs, while the Laplace-Beltrami operator and its corresponding
eigenfunctions remain largely unchanged [21].
5 A PPLICATIONS
For a 2D manifold M, in Section 3 we can construct a class of spectral GISIF f1 , f2 , . . . , fn , . . ., where fi corresponds to the i-th smallest eigenvalue (repeated or non-repeated) of the Laplace-Beltrami
operator. As in [9], based on these components we can obtain a
Symmetry-Factored Embedding (SFE) of M as follows
SFE(p) = ( f˜1 (p), f˜2 (p), . . . , f˜n (p), . . .),
(9)
qR
for p ∈ M where f˜i = fi / M fi2 (p)dp is the normalization of fi .
The Symmetry-Factored Distance (SFD) between points p and q
on M is defined as the Euclidean distance between their SFEs; i.e.,
s
∞
(10)
SFD(p, q) = ∑ ( f˜i (p) − f˜i (q))2 .
i=1

The SFDs between a point and its symmetric points are zero.

Symmetry orbits from the red points.

Symmetry-factored distances from the same red points.
Figure 9: Symmetry-factored distances (SFDs) computed using
spectral GISIFs from the red points shown. Note how the SFDs between each point and its symmetric points are near zero (blue).

As stated in Section 4, in practice, we only use the spectral
GISIFs corresponding to the first m smallest eigenvalues of the
Laplace-Beltrami operator, except for the first eigenvalue whose
value is zero and its corresponding GISIF is constant. These selected GISIFs represent the lowest frequency information of the shape.
In this paper we use a default value m = 15. Figure 9 shows examples of SFDs from different source points, where the SFDs between
a point and its symmetric points are close to zero. In the following
subsections, we use the above SFEs and SFDs to compute symmetry orbits and symmetry-aware segmentations as in [9].
5.1

Symmetry Orbits

As stated in [9], given a 2D manifold M and its global intrinsic
symmetry group G(M), the Symmetry Orbit (SO) of a point p on M
is defined as SO(p) = {g(p)|g ∈ G(M)}. The SFDs from the source
point p form a scalar function on M as follows
s
Dp (q) = SFD(p, q) =

∞

∑ ( f˜i (p) − f˜i (q))2 ,

(11)

i=1

for q ∈ M. The function values at the symmetric points of p are
zero, so we can use the points with zero values of the function of
Equation (11) to find the symmetry orbit of p. In practice, the function values of Equation (11) on the symmetry orbit of p are not
exactly zero, so we use the local minima of Dp (q) whose function
values are close zero to find the symmetry orbit of p. However, the
threshold that defines which local minima belong to the symmetry
orbit of vertex p is dependant on the functional values of Dp (q). In
practice, it is difficult to give a fixed threshold for all vertices.
Figures 10 and 11 display the symmetry orbits from some source
points. The five-point star in Figure 11 has five rotational symmetries and six reflectional symmetries, including the front-back one.
The number of points in symmetry orbits of the red points in Figures 11 (a)-(d) are 5, 10, 20 and 20, respectively.
5.2

Symmetry-aware Segmentation

Symmetry is an important cue for segmentation of shapes into functional parts [9, 25]. In this paper, the symmetry-aware segmentation is obtained by performing the standard k-means clustering algorithm on the points in the symmetry-factored embedding space,
and then segmenting the input shape based on the resulting clusters. The reason is that the symmetry-factored distance between two
points measures how close the two points are to being symmetric,
so clusterings of the symmetry-factored embedding in Equation (9)
would obtain symmetry-aware segmentations, dividing a point and
its symmetric points into the same segment [9].

Figure 10: Symmetry orbits and factored distances computed using
spectral GISIFs on a wheel model with rotational symmetries.

Figure 12 shows some results of symmetry-aware segmentation
by k-means clustering on the symmetry-factored embedding of a
point cloud and triangle mesh with different numbers of clusters
without any optimization or postprocessing. It can be seen that each
point and its symmetric points are in the same cluster. For example,
the cusps of tentacles of the octopus are symmetric, so they are in
one segment.
6

C ONCLUSION

AND FUTURE WORK

In this paper, we propose a new class of global intrinsic symmetry
invariant functions on compact Riemannnian manifolds, which we
call spectral GISIFs, and their discretization onto 2D manifolds approximated either by triangle meshes or point clouds. We’ve shown
spectral GISIFs to be more robust to topological noise than those
based on geodesic distances. Furthermore, for symmetry analysis,
the proposed spectral GISIFs are more general, flexible, and appear
to capture more information than the classical HKSs and WKSs.
Generally, our spectral GISIFs, with higher rank than the HKSs
and WKSs, have the potential to be useful as symmetry invariant
descriptors for shape matching via quotient spaces [14]. As applications, we show how spectral GISIFs can be used to compute
symmetry orbits and symmetry-aware segmentations.
There are two main limitations of spectral GISIFs. First, they
cannot be computed on non-manifold shapes, a characteristic that
is inherited from the Laplace-Beltrami operator not being defined
in such cases. Second, it may be difficult for a user to decide which
spectral GISIFs to use out of the full available spectrum.
There are several open avenues for future work. First, we would
like to investigate automatic methods for choosing the most informative GISIFs, possibly based on entropy. Second, we would
like to study the relation between global intrinsic symmetry and the
multiplicity of eigenvalues of the Laplace-Beltrami operator. Third,
we plan to investigate principled heuristics for automatically setting
the threshold ε for deciding whether an eigenvalue is repeated or
not. Fourth, while we have shown that the sparsity property holds
empirically in the datasets we have worked with, we will investigate
if this property is theoretically derivable from the properties of the
manifold. Finally, we would like to investigate more applications of
spectral GISIFs, including symmetry aware skeletonization, texture
synthesis, denoising, repair, and processing and analysis of highdimensional manifolds.
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